In this paper we extend the notion of infimal convolution to a p-infimal convolution, and show that it is commutative and associative operation on functions. We also use p-infimal convolution to get some p-norms (see [2] ) that define p-distances and to get some class of p-convex neighborhoods which are more appropriate to handle with and to get better performance for image processing ( 01 p  ). Our results generalize those in [8] when p=1.
Introduction
We introduced invariant distance results concerning the translation invariant distance on an abelian group X in section 2, (see [8] ). We study in section 3 the positively p-homogeneous and p-midpoint convexity ( 01 p  ).We have proved equivalent conditions to a function g being midpoint convex on a p-convex set are given in proposition 3.3. In section 4 we extend the notion of infimal convolution to a p-infimal convolution, and show that this p-infimal convolution is a commutative and associative operation on functions defined on an abelian group X.
We have introduced in section 5 the p-regularity ( 01 p  ). We give the conditions on a function G on an abelian group to be p-semi regular. Finally, some equivalent concepts on semiregularity are given in section 6 see, Theorem 6.1.
Basic definitions and Notations
Distance transformations of digital images are useful tools in image analysis. A distance transform of a shape is the set of distances from a given pixel to the shape, see [3, 4] . The distances can be measured in different ways, e.g., by approximating the Euclidean distance in the two-dimensional image, the Euclidean distance between two pixels 
Definition 2.1.(Distances and Metrics)
Let X be any nonempty set, we shall measure distance between points in X, which amounts to defining a real valued function on the Cartesian product X×X. Let us agree to call a function
with equality precisely when x=y, (2.1) and symmetric,
A distance will be called a metric if, in addition, it satisfies the triangle inequality,
If X is an abelian group then the translation-invariant distances are those which satisfy,
Definition 2.2.A p-norm on a linear space E is a mapping . from E to R satisfying: 1) 0 x  and 0 x  if and only if x=0. 2) , 
Regularity properties of p-distance transformations in image analysis
It is well known [9] that, for any p>0, 
1.
Convex on a convex set if it is satisfies Midpoint convex on a convex set if it is satisfies
Midpoint convex on a p-convex set if it is satisfies
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147 1 1 ( ) ( )[ ( ) ( )] , 2 2 p xy f f x f y x y X      3. p-Midpoint convex on a convex set if it is satisfies 1 1 ( ) ( ) [ ( ) ( )] , 22 p xy f f x f y x y X      4. p-Midpoint convex on a p-convex set if it is satisfies 1 1 1 ( ) ( ) [ ( ) ( )] , 2 2 p p xy f f x f y x y X      . Example3.1. In R 2 the set {( , ) : 1} E X Y x y    is 1/2-convex. For 1 1 2 2 ( , ), ( , ) x y x y E  we show that 2 2 2 2 2 2 1 2 1 2 1 1 2 2 ( , ) (1 ) ( , ) ( (1 ) , (1 ) ) x x y y x y x y E               . In fact 2 2 2 2 1 2 1 2 1 2 1 2 1 1 2 2 | (1 ) | | (1 ) | | | (1 ) | | | | (1 ) | | ( | | | |) (1 )( | | | |) (1 ) 1 x x y y x x y y x y x y                                 
Example3.2.
A similar argument shows that the set
The following theorems (3.1, 3.2, 3.3, and 3.4) give some properties concerning the different types of p-midpoint convexity functions.
Theorem3.1. A homogenous function f is a p-midpoint convex on a p-convex set if and only if
Since f is a p-midpoint convex function on a p-convex set then
Hence,
Conversely, let
and using (3.3) we get,
Then f is a p-midpoint function on a p-convex set. ■
Theorem 3.2.A p-homogeneous function f is midpoint convex on a p-convex set if and only if
Since f is midpoint convex on a p-convex set then
3) we get,
Then f is midpoint convex on a p-convex set. ■ 
Using (3.3) we get,
Rising to the p th power we get:
2) Since f is a midpoint convex function on a p-convex set then
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149 Using (3.3) we get, is midpoint convex on convex set then f is midpoint convex on p-convex set.
2) If f is p-midpoint convex on p-convex set then p f 1 is midpoint convex on convex set. 
Proof. To claim (1), assume that
The following result extends the classical one of [8] . Taking x=y and noting that g(0)=0 we get,
On the other hand,
. Since g is positively p-homogeneous function then by taking m=2 we get, (2 ) for certain m then it is true that:
The first and last elements of this inequality are equal so we have, 1 1
holds for all , k j N  ■ In the following section we extend the definition of infimal convolution to pinfimal convolution. . For 0˂p˂1 we define the p-Infimal convolution p f g of f and g as follows:
For p=1 see [8] and [10] . 
On the other hand, If 
Since  is arbitrary, the inequality ) ( ) ( ) ( . Thus p-regularity means that the arc segment is the unique minimal path from 0 to mx, whereas p-semiregularity means that the arc segment from 0 to mx is minimal, but not necessarily the only minimal path. For p=1 we get the concept regularity due to [8] .
In what follows we give a sufficient condition to have a p-semi regular function. , so that the inequality follows from the subadditivity of f:
p-Semiregularity of Distances in Two Dimensions
In this section we let X be the image plane 
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The function f will then actually be piecewise linear on 2 R , and defines a distance there as well as on 2 Z . The following lemma will be used to prove theorem 6.1. 
